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TOPOLOGICAL PROPERTIES OF INDUCTIVE LIMITS OF
CLOSED TOWERS OF MERTRIZABLE GROUPS
SAAK GABRIYELYAN
Abstract. Let {Gn}n∈ω be a closed tower of metrizable groups. Under a mild condition called
(GC) and which is strictly weaker than PTA condition introduced in [22], we show that: (1) the
inductive limit G = g-lim
−→
Gn of the tower is a Hausdorff group, (2) every Gn is a closed subgroup
of G, (3) if K is a compact subset of G, then K ⊆ Gm for some m ∈ ω, (4) G has a G-base and
countable tightness, (5) G is an ℵ-space, (6) G is an Ascoli space if and only if either (i) there is
m ∈ ω such that Gn is open in Gn+1 for every n ≥ m, so G is metrizable; or (ii) all the groups Gn
are locally compact and G is a sequential non-Fre´chet–Urysohn space.
1. Introduction
Let {(Gn, τn)}n∈ω be a tower of topological groups, i.e., Gn is a subgroup of Gn+1 for every
n ∈ ω := {0, 1, 2, . . . }. The inductive limit g-lim−→Gn of the tower is the union G =
⋃
n∈ω Gn
endowed with the finest (not necessarily Hausdorff) group topology τgr such that all the identity
inclusions Gn → G are continuous. Besides the topology τgr, the union G carries the topology τind
of the inductive limit of {Gn}n∈ω in the category of topological spaces and continuous mappings.
Tatsuuma, Shimomura and Hirai showed in [22] by two counterexamples that τind is not necessarily
a group topology for G. However, for the important case when all Gn are locally compact, they
proved that τind is indeed a group topology. If additionally all the groups Gn are metrizable and
the tower {Gn}n∈ω is closed (i.e., Gn is a closed subgroup of Gn+1 for all n ∈ ω), Yamasaki [23]
proved the converse assertion by showing that if τind is a group topology, then all the groups Gn
are locally compact (we reprove this result in Theorem 3.8 below). This pathological phenomena
rises the problem of explicit description of the topological structure of the inductive limit g-lim−→Gn.
This problem was discussed in [6, 16, 22].
The most natural construction of a topology on G which takes into account the group topology
τgr on G is the so called Bamboo-Shoot topology τBS defined in [22]. For every n ∈ ω, denote
by N sn the family of all τn-open symmetric neighborhoods of the identity e ∈ Gn and set N :={
(Un)n∈ω ∈
∏
n∈ωN sn
}
. For every sequence (Un)n∈ω ∈ N and each k ∈ ω such that k ≤ n, set
U+(n, k) := Uk · Uk+1 · · ·Un,
U(n, k) :=
(
U+(n, k)
)−1 · U+(n, k) = Un · · ·Uk+1 · U2k · Uk+1 · · ·Un,
U+[k] :=
∞⋃
n=k
U+(n, k) =
∞⋃
n=k
Uk · Uk+1 · · ·Un,
U[k] :=
(
U+[k]
)−1 ·U+[k] =
∞⋃
n=k
Un · · ·Uk+1 · U2k · Uk+1 · · ·Un,
the set U[k] is called a Bamboo-Shoot (BS for short) neighborhood of e ∈ G. Then the families
Ul := {gU[k] : U[k] ∈ N sBS} and Ur := {U[k]g : U[k] ∈ N sBS},
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where N sBS := {U[k] : (Un)n∈ω ∈ N, k ∈ ω}, are open basis of the same topology τBS on G called
the Bamboo-Shoot topology. The group G with τBS is a (maybe non-Hausdorff) quasitopological
group (see [22] or [3]). It is easy to see that τgr ≤ τBS ≤ τind, so the following natural question is
of interest: Under which conditions the Bamboo-Shoot topology τBS is a group topology (in this
case clearly τgr = τBS)? Tatsuuma, Shimomura and Hirai [22] showed that if the tower {Gn}n∈ω
satisfies the “PTA condition” (see Definition 2.3 below), then τBS is a group topology on G and
hence (G, τBS) = g-lim−→Gn. Banakh and Repovsˇ [3] showed that τBS is a group topology if the tower
satisfies the “balanced condition” (see Definition 2.4). In Section 2 we study towers of topological
groups which satisfy the following condition.
Definition 1.1. A tower {Gn}n∈ω of topological groups satisfies the Group Condition ((GC) for
short) if for every (Un)n∈ω ∈ N and k ∈ ω there is (Vn)n∈ω ∈ N such that V[k] ⊆ U+[k].
It is easy to show (Proposition 2.2) that if a tower {Gn}n∈ω of topological groups satisfies (GC),
then τBS is indeed a group topology. Moreover, results of [3] and [22] show that the condition
(GC) is strictly weaker than the PTA condition and the balanced condition, see Remark 2.6. In
Theorem 2.8, which is the main result of Section 2, we show that if a closed tower {Gn}n∈ω of
Hausdorff topological groups satisfies (GC), then the Bamboo-Shoot topology τBS is a Hausdorff
group topology on G =
⋃
n∈ω Gn such that Gn is a closed subgroup of (G, τBS). Moreover, if K is
a compact subset of (G, τBS), then K ⊆ Gm for some m ∈ ω. These results are essential for the
study of topological properties of inductive limits of towers of metrizable groups.
Let a closed tower {Gn}n∈ω of metrizable groups satisfy (GC). If all the groups Gn = En are
Fre´chet (=complete metrizable locally convex) spaces, then the Bamboo-Shoot topology τBS coin-
cides also with the inductive limit topology in the category of locally convex spaces and continuous
linear mappings (see Proposition 3.1 of [16]). In this case the inductive limit E = g-lim−→En is called
a strict (LF )-space. In [4] it is proved that every strict (LF )-space E has countable tightness.
Moreover, we proved in [12] that E has even the Pytkeev property. Recall that a topological space
X has the Pytkeev property if for each A ⊆ X and each x ∈ A \ A, there are infinite subsets
A1, A2, . . . of A such that each neighborhood of x contains some An. Every sequential space is
Pytkeev. In [17], Ka¸kol and Saxon showed that a strict (LF )-space E is a k-space if and only if E
is sequential if and only if E is Fre´chet or is ϕ (where ϕ is the inductive limit of finite dimensional
vector spaces, so as we mentioned above, τBS = τind). This result was essentially strengthened in
[9] by showing that a strict (LF )-space E is an Ascoli space if and only if E is Fre´chet or is ϕ.
Let us recall (see [2]) that a Tychonoff space X is an Ascoli space if and only if every compact
subset of Ck(X) is equicontinuous, where Ck(X) is the space C(X) of all real-valued functions on
X endowed with the compact-open topology. By the classical Ascoli theorem, every k-space is an
Ascoli space.
Besides the sequential and compact type properties mentioned in the previous paragraph, there
are important topological properties coming for example from the generalized metric space theory.
We recall only two the most important properties. Let N be a family of subsets of a topological
space X. Following [1], the family N is a network at a point x ∈ X if for each neighborhood Ox
of x there is a set N ∈ N such that x ∈ N ⊆ Ox; N is a network in X if N is a network at each
point x ∈ X. Following Michael [18], N is a k-network in X if whenever K ⊆ U with K compact
and U open in X, then K ⊆ ⋃F ⊆ U for some finite F ⊆ N . Okuyama [19] and O’Meara [20],
having in mind the Nagata–Smirnov metrization theorem, introduced the classes of σ-spaces and
ℵ-spaces. A topological space X is called a σ-space (respectively, an ℵ-space) if X is regular and
has a σ-locally finite (respectively, k-)network.
Being motivated by the study of (DF )-spaces, C(X)-spaces and spaces in the class G in the
sense of Cascales and Orihuela, the concept of a G-base has been formally introduced in [8] in the
realm of locally convex spaces. In a more general situation of topological groups this concept was
introduced and thoroughly studied in [13]. A topological group G has a G-base if it has a base
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{Uα : α ∈ ωω} of neighborhoods at the identity e ∈ G such that Uβ ⊆ Uα whenever α ≤ β for
all α, β ∈ ωω, where α = (α(n))n∈ω ≤ β = (β(n))n∈ω if α(n) ≤ β(n) for all n ∈ ω. It is easy to
see that every metrizable group has a G-base. It is also known that every strict (LF )-space has a
G-base, see [5].
The following diagram describes the relation between the aforementioned properties:
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(the condition (D) will be defined in the beginning of Section 3). None of these implications is
reversible, see [2, 7, 10, 18].
The above mentioned results motivate the study of topological properties of inductive limits of
closed tower {Gn}n∈ω of metrizable groups. This is the main theme of the paper. In Section 3,
under the assumption that {Gn}n∈ω satisfies (GC), we show that the inductive limit G = g-lim−→Gn
has the following properties: (1) G has a G-base which satisfies (D) and is an ℵ-space (Theorem
3.8), and (2) G is an Ascoli space if and only if either (i) there is m ∈ ω such that Gn is open in
Gn+1 for every n ≥ m, so G is metrizable; or (ii) all the groups Gn are locally compact and G is a
sequential non-Fre´chet–Urysohn space (Theorem 3.1).
2. Topological properties of inductive limits of towers of topological groups
Recall that a group G endowed with a topology τ is a semitopological group if the multiplication
m : G × G → G, (g, h) 7→ gh, is separately continuous; (G, τ) is a quasitopological group if it is a
semitopological group with continuous inversion (·)−1 : G→ G, g 7→ g−1.
Lemma 2.1. Let {Gn}n∈ω be a tower of topological groups. Then:
(i) ([22]) τBS ≤ τind.
(ii) ([3]) The identity map (G, τBS)→ g-lim−→Gn is continuous. Consequently, if τBS is a group
topology on G, then (G, τBS) = g-lim−→Gn.
(iii) ([22]) (G, τind) and (G, τBS) are quasitopological groups.
Our interest in the condition (GC) is explained by the following assertion.
Proposition 2.2. If a tower {Gn}n∈ω of topological groups satisfies (GC), then τBS is a (maybe
non-Hausdorff) group topology on G :=
⋃
n∈ω Gn. Thus (G, τBS) = g-lim−→ (Gn, τn).
Proof. Since (G, τBS) and g-lim−→ (Gn, τn) are semitopological groups (Lemma 2.1), it suffices to show
that the multiplication m : G × G → G is τBS-continuous at the identity e ∈ G. Let U[0] ∈ N sBS
be defined by (Un)n∈ω ∈ N. By (GC), choose V[0] ∈ N sBS such that V[0] ⊆ U+[0], and hence
V[0] ⊆ (U+[0])−1. Then
V[0] ·V[0] ⊆ (U+[0])−1 · U+[0] = U[0].
Thus m is continuous and τBS is a group topology on G. 
We do not know whether the condition (GC) is also necessary for τBS of being a group topology.
Now we compare the condition (GC) with the condition PTA and the balanced condition. Let
us recall their definitions.
Definition 2.3 ([22]). A tower {Gn}n∈ω of topological groups is said to satisfy PTA (=Passing
Through Assumption) if, for every n ∈ ω, the group Gn has a neighborhood base Bn at the identity
e, consisting of open symmetric neighborhoods U ⊆ Gn such that for every m ≥ n and every
neighborhood W ⊆ Gm of e there exists a neighborhood V ⊆ Gm of e such that V U ⊆ UW .
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It is proved in Lemma 2.3 of [22] that if a tower {Gn}n∈ω of topological groups satisfies PTA,
then τBS is a group topology weaker than τind. For example, if the tower consists of balanced
groups, then it satisfies PTA.
The balanced condition was defined in [3] being motivated by towers of balanced groups. Recall
that a topological group G is called balanced if it has a neighborhood base {Ui}i∈I at the identity
e ∈ G consisting of G-invariant neighborhoods (i.e., gUig−1 = Ui for every g ∈ G and i ∈ I).
A triple (H,Γ, G) of topological groups H ≤ Γ ≤ G is called balanced if for every neighborhoods
V ⊆ Γ and U ⊆ G of the identity e ∈ G the product
V ·
√
U
H
, where
√
U
H
:= {g ∈ G : hgh−1 ∈ U for every h ∈ H},
is a neighborhood of e.
Definition 2.4 ([3]). A tower {Gn}n∈ω of topological groups is called balanced if each triple
(Gn, Gn+1, Gn+2), n ∈ ω, is balanced.
Proposition 2.5. If a tower {Gn}n∈ω of topological groups satisfies PTA or is balanced, then it
satisfies (GC).
Proof. If {Gn} satisfies PTA, then it satisfies (GC) by Lemma 3.3 of [22]. If {Gn} is balanced,
then it satisfies (GC) by Theorem 4.2 of [3]. 
Remark 2.6. It is shown in Theorem 6.1 and Example 6.2 of [3], that there are balanced towers
which do not satisfy PTA and non-balanced towers which satisfy PTA. Therefore, by Proposition
2.5, the condition (GC) is strictly weaker than the condition of being PTA and the condition of
being balanced. 
To prove the main result of this section we need the following lemma.
Lemma 2.7. Let H be a closed subgroup of a topological group G and let a, b ∈ G be such that
a 6∈ H and b ∈ H. Then there is a neighborhood W of the unit e ∈ G such that a 6∈ b ·WHW .
Proof. Define a map p : G ×G → G by p(t, g) := t−1b−1ag−1. Then p is continuous and p(e, e) =
b−1a 6∈ H. SinceH is closed, there exists a neighborhood V of p(e, e) such that V ∩H = ∅. Choose a
neighborhoodW of e such that p(W,W ) ⊆ V . Then, for every t, g ∈W , we obtain t−1b−1ag−1 6∈ H
or a 6∈ btHg. This means that a 6∈ bWHW . 
Theorem 2.8. Let a closed tower {(Gn, τn)}n∈ω of Hausdorff topological groups satisfy (GC). Set
G :=
⋃
n∈ωGn. Then:
(i) τk = τBS |Gk and (Gk, τk) is τBS-closed;
(ii) τBS is a Hausdorff group topology on G, so (G, τBS) = g-lim−→ (Gn, τn);
(iii) if K is a compact subset of (G, τBS), then K ⊆ Gm for some m ∈ ω.
Proof. (i) Our proof follows the proof of Proposition 3.2 of [22]. Let D be a τk-closed subset of Gk
(in particular, D = Gk). We have to show that D is also τBS-closed. Fix arbitrarily an element
g ∈ G \D. Choose an n > k such that g ∈ Gn. Then, for every j ≥ n, g−1D is closed in Gj and
e 6∈ g−1D. For j = n, choose Un ∈ N sn such that U2n ∩ g−1D = ∅. By induction on j = n, . . . ,m, for
j = m+ 1 choose Um+1 ∈ N sm+1 such that U2m+1 ∩Gm ⊆ Um. Then (recall that Un · · ·Um ⊆ Gm)
(Un · Un+1 · · ·Um · U2m+1) ∩Gn ⊆
(
(Un · Un+1 · · ·Um) · (U2m+1 ∩Gm)
) ∩Gn
⊆ (Un · Un+1 · · ·U2m) ∩Gn ⊆ · · · ⊆ U2n ∩Gn = U2n.
Define U := U+[n] =
⋃
m≥n Un · · ·Um. Then, by (GC), U is a τBS-neighborhood of e ∈ G, and, the
above inclusions imply (recall that n > k and D ∪ {g} ⊆ Gn)
gU ∩D = (gU ∩Gn) ∩D = g(U ∩Gn) ∩D ⊆ gU2n ∩D = ∅.
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Therefore D is closed in τBS . Thus τk ⊆ τBS |Gk , and hence τk = τBS |Gk .
(ii) By the proof of (i), every one-point subset of G is τBS-closed. Therefore τBS is a T0-topology.
Now Theorem 4.8 of [15] and Proposition 2.2 imply that τBS is a Hausdorff group topology.
(iii) Suppose for a contradiction that, for every n ∈ ω, the compact set K is not contained in
Gn. Then we can find a sequence 0 < n0 < n1 < · · · in ω and a sequence {ak}k∈ω in K such that
ak ∈ Gnk \Gnk−1 for every k ∈ ω.
By (i) and (ii) and Lemma 2.7, for every k ∈ ω, choose Wk ∈ N sG such that
(1) W 2k+1 ⊆Wk and ak 6∈
k−1⋃
i=0
ai ·W 2kGnk−1W 2k .
For every k, i ∈ ω, choose Wi,k ∈ N sG such that
(2) W 20,k ⊆Wk and W 2i+1,k ⊆Wi,k.
For every i = 0, . . . , n0 − 1, set Ui := Gi. If j ∈ ω and i = nj, . . . , nj+1 − 1, choose Ui ∈ N si such
that
(3) Ui ⊆Wi,j.
Set U[0] :=
⋃
n∈ω U(n, 0).
Fix an l ∈ ω. For every n > nl choose s ∈ ω such that ns ≤ n < ns+1, so l ≤ s. Then
nj+1−1∏
i=nj
Unj+1−1+nj−i = Unj+1−1 · Unj+1−2 · · ·Unj
(3)
⊆ W 2nj+1−1,j ·Wnj+1−2,j · · ·Wnj ,j
(2)
⊆ W 2nj ,j ⊆Wj
and
nj+1−1∏
i=nj
Ui = Unj · Unj+1 · · ·Unj+1−1
(3)
⊆ Wnj ,j ·Wnj+1,j · · ·W 2nj+1−1,j
(2)
⊆ W 2nj ,j ⊆Wj,
and hence
U(n, 0) ⊆
s∏
j=l


nj+1−1∏
i=nj
Unj+1−1+nj−i

 ·
nl−1∏
i=0
Unl−1−i ·
nl−1∏
i=0
Ui ·
s∏
j=l


nj+1−1∏
i=nj
Ui


⊆
s∏
j=l
Ws+l−j ·Gnl−1 ·
s∏
j=l
Wj
(1)
⊆ W 2l ·Gnl−1 ·W 2l .
Therefore, for every l ∈ ω, we obtain
(4) U[0] =
⋃
n>nl
U(n, 0) ⊆W 2l ·Gnl−1 ·W 2l .
Now, for every k, l ∈ ω such that l > k, (1) and (4) imply al ·a−1k 6∈ U[0]. Since U[0] is a neighborhood
of e for the group topology τBS we obtain that K is not compact. This contradiction finishes the
proof. 
It is well known that the strict inductive limit of complete locally convex spaces is complete, see
[21]. For the abelian case we prove an analogous result with a similar proof.
Proposition 2.9. Let {Gn}n∈ω be a closed tower of abelian topological groups. Then the group
g-lim−→Gn is complete if and only if all the groups Gn are complete.
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Proof. We write the addition in G multiplicatively. First we note that, by Theorem 2.8, G :=
g-lim−→Gn is Hausdorff and Gn is a closed subgroup G for every n ∈ ω. If G is complete, then for
every n ∈ ω, the group Gn is complete as a closed subgroup of a complete group. Assume now that
all the groups Gn are complete. We have to show that each Cauchy filterbase F = {Fi : i ∈ I} on
G converges. Fix a filterbase U = {Uα : α ∈ A} of open symmetric neighborhoods at the identity
e ∈ G. Then the family B = {FiUα : i ∈ I, α ∈ A} is also a Cauchy filterbase on G.
We claim that B∩Gn is a Cauchy filterbase on Gn for some n ∈ ω. Indeed, otherwise, for every
n ∈ ω there are Fn ∈ F and Un ∈ U such that FnUn ∩ Gn = ∅. For every n ∈ ω, choose Vn ∈ U
such that
(5) V 40 ⊆ U0 and V 4n+1 ⊆ Vn ∩ Un
and set Wn := Vn ∩ Gn. Then W[0] is an open symmetric neighborhood at e in G. Since B is a
Cauchy filterbase, there is FU ∈ B such that FU · (FU)−1∪ (FU)−1 ·FU ⊆ V . Since F is a Cauchy
filterbase, some F ∈ F must satisfy FF−1 ∪ F−1F ⊆W[0].
Fix arbitrarily g ∈ F and choose n ∈ ω such that g ∈ Gn. For every h ∈ F ∩ Fn, we have
g = h · (h−1g) ∈ Fn · (F−1F ) ⊆ FnW[0],
and hence g = fn · t for some fn ∈ Fn and t ∈ W[0]. By the definition of W[0], there are m > n
and vi, ui ∈Wi (i = 0, . . . ,m) such that
t = vm · · · v1 · v0u0 · u1 · · · um.
Thus (we use the commutativity of G)
Gn ∋ g(vn · · · v1 · v0u0 · u1 · · · un)−1 = fn · (vm · · · vn+1) · (un+1 · · · um)
∈ fn ·W 2n+1 · · ·W 2m
(5)
⊆ fn · V 4n+1 ⊆ Fn · Un.
But since FnUn ∩Gn = ∅ we obtain a desired contradiction. The claim is proved.
Now since Gn is complete, the claim implies that B ∩ Gn has a limit point x ∈ Gn. Therefore
B converges to x in G, and hence also F converges to x. Thus G is complete. 
3. Main results
Let G be a topological group with a G-base U = {Uα : α ∈ ωω}. For every k ∈ ω and α ∈ ωω,
set
Dk(α) :=
⋂
β∈Ik(α)
Uβ, where Ik(α) := {β ∈ ωω : βi = αi for i = 0, . . . , k} .
Following [12], we say that U satisfies the condition (D) if ⋃k∈ωDk(α) is a neighborhood of e
for every α ∈ ωω. The condition (D) guaranties that the group G has the Pytkeev property, see
Theorem 6 of [12].
Theorem 3.1. Let a closed tower {(Gn, τn)}n∈ω of metrizable groups satisfy (GC). Then:
(i) g-lim−→Gn has a G-base satisfying (D);
(ii) g-lim−→Gn is an ℵ-space.
Proof. Theorem 2.8 implies that τBS is a group topology. Set G := g-lim−→Gn.
(i) For every n ∈ ω, let {Ui,n : i ∈ ω} be a decreasing base of open symmetric neighborhoods at
the identity e ∈ Gn. For every α = (α(n))n∈ω ∈ ωω, set
(6) Wα :=
⋃
n∈ω
Uα(n),n · · ·Uα(1),1 · U2α(0),0 · Uα(1),1 · · ·Uα(n),n.
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Then, by Theorem 2.8, the family W := {Wα : α ∈ ωω} is a G-base for G. Moreover, for every
k ∈ ω and each α ∈ ωω, (6) implies
Uα(n),n · · ·Uα(1),1 · U2α(0),0 · Uα(1),1 · · ·Uα(n),n ⊆ Dk(α).
Hence
⋃
k∈ωDk(α) =Wα and therefore W satisfies (D).
(ii) For every n ∈ ω, Gn being metrizable is an ℵ-space. Fix a σ-locally finite k-network
Nn =
⋃
k∈ωNk,n for Gn. Set N :=
⋃
k,n∈ωNk,n.
We claim that Nk,n is locally finite in G for every k, n ∈ ω. Indeed, fix arbitrarily g ∈ G. If
g 6∈ Gn, then the closeness of Gn in G (Theorem 2.8) implies that there is a neighborhood U of g
such that U ∩ N = ∅ for every N ∈ Nk,n. Assume that g ∈ Gn. Take a τn-open neighborhood V
of g such that the family {N ∈ Nk,n : V ∩N 6= ∅} is finite. Since Gn is a subgroup of G, choose a
neighborhood U of g in G such that U ∩Gn ⊆ V . It is clear that the family
{N ∈ Nk,n : U ∩N 6= ∅} = {N ∈ Nk,n : (U ∩Gn) ∩N 6= ∅}
is finite. Therefore Nk,n is locally finite.
The claim implies that N is σ-locally finite. Therefore it remains to prove that N is a k-network.
Fix a compact subset K of G and an open neighborhood U of K. By Theorem 2.8, there is m ∈ ω
such that K ⊆ Gm. As U ∩ Gm is a τm-open neighborhood of K, there is a finite subfamily F of
Nm such that K ⊆
⋃F ⊆ U ∩K ⊆ U . Thus N is a k-network. 
Following Michael [18], a topological space X is called an ℵ0-space if X is regular and has a
countable k-network.
Corollary 3.2. Let a closed tower {Gn}n∈ω of metrizable groups satisfy (GC). Then the following
assertions are equivalent:
(i) g-lim−→Gn is Lindelo¨f;
(ii) g-lim−→Gn is an ℵ0-space;
(iii) g-lim−→Gn is separable.
Proof. Set G := g-lim−→Gn.
(i)⇒(iii) For every n ∈ ω, the closed subspace Gn of G (Theorem 2.8) is also Lindelo¨f. Since Gn
is metrizable it is separable ([7, Theorem 4.1.16]). If Dn is a dense subset of Gn, it is clear that⋃
n∈ωDn is a dense subset of G. Thus G is separable.
(iii)⇒(ii) Theorem 3.1(i) and Theorem 1.7 of [11] imply that the family D := {Dk(α) : k ∈
ω,α ∈ ωω} is a countable cp-network at the identity e ∈ G (i.e., D satisfies the following property:
for any subset A ⊆ G with e ∈ A \A and each neighborhood O of e there is a set D ∈ D such that
e ∈ D ⊆ O and D∩A is infinite). Thus G is an ℵ0-space by Theorem 1.7 of [11] (which states that
G is even a P0-space).
Finally, (ii) implies (i) since every ℵ0-space is Lindelo¨f, see Proposition 3.12 of [10]. 
To detect when g-lim−→Gn is an Ascoli space is a much more difficult problem. We shall use the
following two assertions.
Proposition 3.3 ([9]). If a topological group (G, τ) is an MKω-space, then it is either a locally
compact metrizable group or is a sequential non-Fre´chet–Urysohn space.
Proposition 3.4 ([23, Theorem 3]). Let {(Gn, τn)}n∈ω be a tower of topological groups such that,
for some m ∈ ω, Gm is open in Gk for all k > m. Then τind is a group topology on G :=
⋃
n∈ω Gn
and Gm is an open subgroup of (G, τind).
We need the following proposition.
Proposition 3.5. Let {(Gn, τn)}n∈ω be a tower of locally compact groups. Then:
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(i) τind = τBS and they are group topologies;
(ii) the group G := (G, τind) = g-lim−→Gn contains an open kω-subgroup;
(iii) if additionally all Gn are metrizable, then one of the following assertions holds:
(iii)1 there is an m ∈ ω such that Gn is open in Gn+1 for every n ≥ m, then G is metrizable
and locally compact;
(iii)2 G contains an open MKω-subgroup and is a sequential non-Fre´chet–Urysohn space.
Proof. (i) is Theorem 2.7 of [22].
(ii) For every n ∈ ω, letWn be an open symmetric neighborhood of e ∈ Gn with compact closure.
Denote by Hn the open σ-compact subgroup of Gn generated by Wn. We can assume that Wn ⊆
Wn+1 and hence Hn ⊆ Hn+1 for every n ∈ ω. Note that since locally compact groups are complete,
Gn is a closed subgroup of Gn+1 for every n ∈ ω. Now (i) implies H := (H, τHBS) = g-lim−→Hn, where
H :=
⋃
n∈ωHn and τ
H
BS is the Bamboo-Shoot topology on H. Moreover, the construction of the
topologies τHBS and τBS shows that H is an open subgroup of G. Since all Hn are kω-groups, the
definition of τHind implies that (H, τ
H
ind) is also a kω-space. Finally, (i) implies τ
H
ind = τ
H
BS , and hence
H is an open kω-subgroup of G.
(iii) If there is an m ∈ ω such that Gn is open in Gn+1 for every n ≥ m, then Gm is an open
subgroup of G by Proposition 3.4. Thus G is metrizable and locally compact.
Assume that for infinitely many n ∈ ω, the group Gn is not open in Gn+1. Since all the groups
Gn are metrizable, the group H defined in the proof of (ii) is an MKω-space. By Proposition
3.3, H is either locally compact or is a sequential non-Fre´chet–Urysohn space. However, H cannot
be locally compact since, otherwise, it would have a compact neighborhood U of e. But then, by
Theorem 2.8, U ⊆ Hk for some k ∈ ω. Therefore Hk is an open subgroup of Hn and hence of Gn for
all n ≥ k which contradicts our assumption on Gn. Since H is an open subgroup of G, we obtain
that G is also a sequential non-Fre´chet–Urysohn space. 
We shall use also the following proposition to show that a space is not Ascoli.
Proposition 3.6 ([14, Proposition 2.1]). Let X be a Tychonoff space. Assume X admits a family
U = {Ui : i ∈ I} of open subsets of X, a subset A = {ai : i ∈ I} ⊆ X and a point z ∈ X such that
(i) ai ∈ Ui for every i ∈ I;
(ii)
∣∣{i ∈ I : C ∩ Ui 6= ∅}
∣∣ <∞ for each compact subset C of X;
(iii) z is a cluster point of A.
Then X is not an Ascoli space.
As we mentioned in the introduction, Yamasaki [23] showed that if a closed tower {Gn}n∈ω of
metrizable groups is such that τind is a group topology, then there is m ∈ ω such that, for all n > m,
either Gm is open in Gn or Gn is locally compact. Below we include a partial result of Yamasaki’s
theorem because it easily follows from the proof of the proposition.
Proposition 3.7. Let a closed tower {(Gn, τn)}n∈ω of metrizable groups satisfy (GC). If (G, τBS)
is an Ascoli space or τind is a group topology, then all the groups Gn are locally compact.
Proof. Suppose for a contradiction that there is Gi, say G0, which is not locally compact. Denote
by e the identity of G (and hence all the Gn’s). For every i ∈ ω we denote by ρi a left invariant
metric on Gi and set
Bn,i := {x ∈ Gi : ρi(x, e) < 2−n}, n ∈ ω.
Step 1. Consider the open base of neighborhoods {Bn,0}n∈ω of the unit e of G0, so Bn+1,0 ⊆ Bn,0.
Then there is a strictly increasing sequence {nk}k∈ω such that nk+1 > nk + 1 and for every k ∈ ω,
the set Bnk,0 \ Bnk+1,0 is not compact. Indeed, otherwise, there would exist an n0 ∈ ω such that
Bn0,0 \ Bn,0 is compact for all n > n0. Since Bn,0 converges to e (i.e., each neighborhood of e
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contains all but finitely many of Bn,0’s), we obtain that Bn0,0 is compact. So G0 is locally compact,
a contradiction.
Set Pk := Bnk,0 \ Bnk+1,0. Then Pk is metrizable and non-compact, and hence Pk is not
pseudocompact (see [7, 4.1.17]). By [7, Theorem 3.10.22], there exists a locally finite collection
{Wn,k}n∈ω of nonempty open subsets of Pk. Since G0 being non-locally compact is not discrete, any
Wn,k contains a point from Bnk,0\Bnk+1,0. Therefore we can assume in addition thatWn,k ⊆ Int(Pk)
for every k ∈ ω. As nk+1 > nk + 1, it is easy to see that, for every m ∈ ω, the family
Wm := {Wn,i : n ∈ ω, i ≤ m}
is also locally finite in X0. For every n, k ∈ ω, pick arbitrarily a point xn,k ∈Wn,k.
Step 2. We claim that for every k ≥ 1 there are
(a) a one-to-one sequence {yn,k}n∈ω in Gk \Gk−1 converging to the unit e ∈ G;
(b) for every n ∈ ω, an open neighborhood Un,k of an,k := xn,k−1 · yn,k in G;
such that
(c) Un,k ∩Gk−1 = ∅ for every n ∈ ω;
(d) the family
Vk := {Un,i ∩Xk : n ∈ ω, 1 ≤ i ≤ k}
is locally finite in Gk.
Indeed, for every k ≥ 1, let {yn,k}n∈ω be an arbitrary one-to-one sequence inGk\Gk−1 converging
to e (such a sequence exists because Gk−1 is not open in Gk). For every k ≥ 1 and each n ∈ ω,
choose an open symmetric neighborhood Vn,k of e in G such that (recall that Gk−1 is a closed
subgroup of G by (ii) of Theorem 2.8)
(α) V 3n,k ∩Gi ⊆ Bn,i for every 0 ≤ i ≤ n;
(β)
(
yn,k · V 3n,k
) ∩Gk−1 = ∅.
For every k ≥ 1 and each n ∈ ω, set
an,k := xn,k−1 · yn,k and Un,k := an,kVn,k.
Clearly, (a) and (b) are fulfilled. Also (c) is fulfilled since if Un,k ∩ Gk−1 6= ∅ for some k ≥ 1 and
n ∈ ω, then xn,k−1yn,kv ∈ Gk−1 for some v ∈ Vn,k. So yn,kv ∈ x−1n,k−1Gk−1 = Gk−1 that contradicts
(β).
Let us check (d). Fix k ≥ 1 and x ∈ Gk. Consider the two possible cases.
Case 2.1. Let x ∈ Gk \ G0. Then ρk(x,G0) > 0 since G0 is closed in Gk. For every 1 ≤ i ≤ k,
since yn,i → e in G and xn,i−1 ∈ G0, the condition (α) implies Vn,i ∩ Gk ⊆ Bn,k for every n > k.
Therefore, for every 1 ≤ i ≤ k, we obtain
lim
n
ρk
(
Un,i ∩Gk, G0
)
= lim
n
ρk
(
yn,iVn,i ∩Gk, G0
)
(since yn,i ∈ Gk)
= lim
n
ρk
(
yn,i(Vn,i ∩Gk), G0
) ≤ lim
n
ρk
(
yn,iBn,k, e
)
= 0.
Hence there is an open neighborhood Ux of x in G such that Ux ∩ Gk intersects only a finite
subfamily of Vk.
Case 2.2. Let x ∈ G0. Choose an open symmetric neighborhood Ux of e in G such that
xU3x ∩G0 intersects only with a finite subfamily of Wk. We claim that xUx ∩ Gk intersects only a
finite subfamily of Vk. Indeed, assuming the converse we can find 1 ≤ i ≤ k such that
(xUx ∩Gk) ∩ (Un,i ∩Gk) 6= ∅
for every n ∈ I, where I is an infinite subset of ω. Then for every n ∈ I there are un ∈ Gk, tn ∈ Ux
and zn ∈ Vn,i ∩Gk such that
un = x · tn = xn,i−1yn,izn.
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Note that, by (α), zn = y
−1
n,ix
−1
n,i−1un ∈ Vn,i ∩Gk belongs to Ux ∩Gk for all sufficiently large n ∈ I,
and also yn,i ∈ Ux ∩Gk for all sufficiently large n ∈ I because yn,i → e. So
xn,i−1 = x ·
(
tnz
−1
n y
−1
n,i
)
∈ (xU3x ∩G0
) ∩Wn,i−1
for all sufficiently large n ∈ I. But this contradicts the choice of Ux.
Cases 2.1 and 2.2 show that Vk is locally finite in Gk.
Step 3. Assume that (G, τBS) is an Ascoli space. To get a contradiction with the assumption
that G0 is not locally compact we show that the families
A := {ai,k : i ∈ ω, k ≥ 1}, U := {Ui,k : i ∈ ω, k ≥ 1}
and z := e satisfy (i)-(iii) of Proposition 3.6.
Indeed, (i) is clear. To check (ii) let K be a compact subset of G. By Theorem 2.8, there
is an m ∈ ω such that K ⊆ Gm. So (c) implies that if K ∩ Un,i 6= ∅, then i ≤ m, and hence
Un,i ∩ Gm ∈ Vm. Since the family Vm is locally finite in Gm, we obtain that K intersects only a
finite subfamily of U that proves (ii).
To prove (iii) let V be an open neighborhood of e in G. Take an open neighborhood U of e such
that U2 ⊆ V , and choose k0 ∈ ω such that Wi,k0 ⊆ G0 ∩ U for every i ∈ ω. So xi,k0 ∈ U for every
i ∈ ω. Since limi yi,k0+1 = e we obtain that ai,k0+1 = xi,k0yi,k0+1 ∈ U · U ⊆ V for all sufficiently
large i. Thus e ∈ A and (iii) holds. Finally, Proposition 3.6 implies that the group X is not Ascoli
which is a desired contradiction.
Step 4. Assume that τind = τBS. To get a contradiction with the assumption that G0 is not
locally compact, it is sufficient to show that e 6∈ A τind . Indeed, by Step 3, we know that e ∈ A τBS ,
and then (ii) of Lemma 2.1 shows that τind is not a group topology.
To prove that e 6∈ A τind , for every k ≥ 1, set Ak := {ai,k = xi,k−1 · yi,k : i ∈ ω}. Since the
sequence {xi,k−1 : i ∈ ω} is closed in G0 and limi yi,k = e we obtain that Ak is closed in Gk. Now
(a) implies that
A ∩Gk = (A1 ∪ · · · ∪Ak) ∩Gk
is closed in Gk for every k ≥ 1. Hence A is closed in τind. Thus e 6∈ A τind . 
Theorem 3.8. Let a closed tower {Gn}n∈ω of metrizable groups satisfy (GC). Set G := g-lim−→Gn.
Then the following assertions are equivalent:
(i) G is an Ascoli space;
(ii) τind is a group topology on G;
(iii) one of the following assertions holds:
(iii)1 there is an m ∈ ω such that Gn is open in Gn+1 for every n ≥ m, so G is metrizable;
(iii)2 all the groups Gn are locally compact, so G contains an open MKω-subgroup and is a
sequential non-Fre´chet–Urysohn space.
Proof. (i)⇒(iii) and (ii)⇒(iii): If there is an m ∈ ω such that Gn is open in Gn+1 for every n ≥ m,
then Gm is an open subgroup of G by Proposition 3.4. Thus G is metrizable.
Assume that for infinitely many n ∈ ω the group Gn is not open in Gn+1. Without loss of
generality we can assume that Gn is not open in Gn+1 for all n ∈ ω. Then Proposition 3.7 imply
that all the groups Gn are locally compact. Our assumption on {Gn} and Proposition 3.5 imply
that G contains an open MKω-subgroup and is a sequential non-Fre´chet–Urysohn space.
(iii)⇒(i) follows from the Ascoli theorem [7, Theorem 3.4.20], and (iii)⇒(ii) follows from Propo-
sitions 3.4 and 3.5. 
TOPOLOGICAL PROPERTIES OF INDUCTIVE LIMITS 11
References
1. A. V. Arhangel’skii, An addition theorem for the weight of sets lying in bicompacts, Dokl. Akad. Nauk SSSR
126 (1959), 239–241.
2. T. Banakh, S. Gabriyelyan, On the Ck-stable closure of the class of (separable) metrizable spaces, Monatshefte
Math. 180 (2016), 39–64.
3. T. Banakh, D. Repovsˇ, Direct limit topologies in the categories of topological groups and of uniform spaces,
Tohoku Math. J. 64 (2012), 1–24.
4. B. Cascales, J. Ka¸kol, S.A. Saxon, Weight of precompact subsets and tightness, J. Math. Anal. Appl. 269 (2002),
500–518.
5. B. Cascales, J. Ka¸kol, S.A. Saxon, Metrizability vs. Fre´chet–Urysohn property, Proc. Amer. Math. Soc. 131
(2003), 3623–3631.
6. T. Edamatsu, On the bamboo-shoot topology of certain inductive limits of topological groups, J. Math. Kyoto
Univ. 39 (1999), 715–724.
7. R. Engelking, General topology, Panstwowe Wydawnictwo Naukowe, Waszawa, 1977.
8. J.C. Ferrando, J. Ka¸kol, M. Lo´pez Pellicer, S.A. Saxon, Tightness and distinguished Fre´chet spaces, J. Math.
Anal. Appl. 324 (2006), 862–881.
9. S. Gabriyelyan, Topological properties of strict (LF )-spaces and strong duals of Montel strict (LF )-spaces,
available in arXiv:1702.07867.
10. S. Gabriyelyan, J. Ka¸kol, On P-spaces and related concepts, Topology Appl. 191 (2015), 178–198.
11. S. Gabriyelyan, J. Ka¸kol, On topological spaces with certain local countable networks, Topology Appl. 190
(2015), 59–73.
12. S. Gabriyelyan, J. Ka¸kol, A. Leiderman, The strong Pytkeev property for topological groups and topological
vector spaces, Monatschefte Math. 175 (2014), 519–542.
13. S. Gabriyelyan, J. Ka¸kol, A. Leiderman, On topological groups with a small base and metrizability, Fundamenta
Math. 229 (2015), 129–158.
14. S. Gabriyelyan, J. Ka¸kol, G. Plebanek, The Ascoli property for function spaces and the weak topology of Banach
and Fre´chet spaces, Studia Math. 233 (2016), 119–139.
15. E. Hewitt, K.A. Ross, Abstract Harmonic Analysis, Vol. I, 2nd ed. Springer-Verlag, Berlin, 1979.
16. T. Hirai, H. Shimomura, N. Tatsuuma, E. Hirai, Inductive limits of topologies, their direct products, and problems
related to algebraic structure, J. Math. Kyoto Univ. 41 (2001), 475–505.
17. J. Ka¸kol, S.A. Saxon, Montel (DF)-spaces, Sequential (LM)-spaces and the strongest locally convex topology. J.
London Math. Soc. 66 (2002), 388–406.
18. E. Michael, ℵ0-spaces, J. Math. Mech. 15 (1966), 983–1002.
19. A. Okuyama, σ-spaces and closed mappings. I, Proc. Japan Acad. 44 (1968), 472–477.
20. P. O’Meara, On paracompactness in function spaces with the compact-open topology, Proc. Amer. Math. Soc.
29 (1971), 183–189.
21. P. Pe´rez Carreras, J. Bonet, Barrelled Locally Convex Spaces, North-Holland Mathematics Studies 131, North-
Holland, Amsterdam, 1987.
22. N. Tatsuuma, H. Shimomura, T. Hirai, On group topologies and unitary representations of inductive limits of
topological groups and the case of the group of diffeomorphisms, J. Math. Kyoto Univ. 38 (1998), 551–578.
23. A. Yamasaki, Inductive limit of general linear groups, J. Math. Kyoto Univ. 38 (1998), 769–779.
Department of Mathematics, Ben-Gurion University of the Negev, Beer-Sheva, P.O. 653, Israel
E-mail address: saak@math.bgu.ac.il
